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Abstract 

CD 

The  calculated  stress-optical  coefficients  obtained  using  the 
rotational  isomer  model  and  the  principle  of  additivity  of  bond 
polarizability  tensors  give  values  of  the  segment  polarizability 
anisotropy,  AT,.,  in  reasonable  agreement  with  experimental  values 
for  swollen  rubber  networks.  Furthermore,  these  values  agree  well 
with  those  obtained  from  streaming  birefringence  studies.  Estimates 
of  the  effect  of  ordering  in  the  amorphous  state  upon  '.Ps  lead  to 
values  appreciably  in  excess  of  those  found  experimentally.  The 
effect  of  swelling  solvent  on  AFS  can  be  interpreted  in  terms  of  Its 
role  in  separating  chains  from  each  other  and  in  itself  being 
oriented  by  the  polvmer  chain.  This  model  accounts  for  the 
observation  that  ATS  increases  with  increasing  anisotropy  of  the 
swelling  solvent.  The  value  of  Ars  found  for  networks  swollen  with 
an  isotropic  solvent  is  approximately,  but  not  exactly,  equal  to 
the  intrinsic  anisotropy  of  the  segment,  ATS  found  for  undiluted 
networks  arises  in  part  from  mutual  orientation  of  segments  by 
their  neighbors.  An  additional  cause  comes  from  the  anisotropy  of 
the  internal  field  arising  from  local  order.  All  of  these  effects 
of  the  internal  field  arising  from  local  order.  All  of  these 
effects  are  interpretable  in  terms  of  relatively  short-range  inter- 
actions and  do  not  require  the  relatively  long-range  ordering  of  a 
type  proposed  in  some  recent  theories. 

INTRODUCTION 

The  change  in  birefringence  occurring  when  an  amorphous  polymer 
is  deformed  is  an  important  observation  which  provides  information 
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presence  of  crystals  appreciably  affects  the  birefringence,  we 
shall  restrict  our  considerations  to  those  polymers  which  show  no 
equilibrium  crystallinity  at  the  temperature  of  study.  Also, 
because  of  the  poorer  understanding  of  glassy  polymers  as  compared 
with  rubbery  ones,  we  shall  only  consider  systems  above  their  T^'s. 

The  theory  of  birefringence  of  stretched  rubbers  was  developed 
by  Kuhn  and  Grun  [1|  and  by  Treioar  [2]  on  the  basis  of  the  same 
procedure  used  for  the  development  of  the  kinetic  theory  of 
rubber  elasticity.  The  model  adopted  was  that  of  a chain  composed 
of  anisotropic  statistical  segments  which  become  oriented  as  the 
rubber  is  stretched  in  a manner  describable  by  the  Gaussian 
statistics  of  isolated  chains  in  a cross-linked  network,  the  cross- 
linking  points  of  which  are  subject  to  an  affine  transformation. 
These  theories  lead  to  the  expression  for  the  stress-optical 
coef  f ic ient 


An  2 ti  (n^  + 2)2 

c = — ^ &re 

a 45kT  n 


(1) 


where  An  is  the  birefringence  of  the  uniaxially  stretched  sample 
subjected  to  a stress  a (on  unit  area  in  the  stretched  state)  , k 
is  Boltzmann's  constant,  T is  the  absolute  temperature,  and  n is 
the  avarage  refractive  index  of  the  rubber.  The  anisotropy  of  the 
statistical  segment  is  given  by 


AT 

s 


(b, 


b2)2 


(2) 


where  b^  and  b,  are  the  polarizabilities  parallel  and  perpenducular 
respectively,  to  the  axis  of  the  segment. 

Equation  (l)  is  derived  upon  the  assumption  of  the  local 
electrical  field  on  a segment  being  given  by  the  Lorenz-Lorentz 
equation  which  implies  that  the  environment  of  a segment  is 
optically  isotropic.  It  also  involves  the  assumption  of  tensor 
additivity  of  polarizabilities  of  noninteracting  segments. 
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The  anisotropy  of  a segment  may  be  related  to  the  anisotropy 
of  the  constituents  bonds,  again  assuming  polarizability  additivity 
using 

AT  = l )(b,  -b„).  [3  cos2  9.  - 1 J / 2 ^ (1) 

S i I 1 2i  1 ( 

where  b^.  and  b^i  are  the  polar izabilit ies  of  the  i-th  bond  along 
and  perpendicular  to  the  bond  axis  and  9^  is  the  angle  between  the 
bond  axis  and  the  segment  axis.  Recently  Florv  | ) 1 and  Nagai  |4| 
and  co-workers  have  shown  how  to  evaluate  this  sum  in  terms  of  the 
rotational  isomer  model  giving  rise  to  the  equation 

3 T ? 

AT  = — E<rcLr>/<r  > (4) 

s „ . ~ ^i'  o o 

2 i 

T 

where  r is  the  transpose  (i.e.,  the  row  form)  of  the  end-to-end 
vector  r and  a is  the  traceless  tensor  representing  the  anisotropy 
of  the  polarizability  of  bond  i defined  by 


where  is  the  polarizability 
and  E^  is  the  identity  matrix, 
over  the  free  unperturbed  chain 
the  result  that 


(5) 

tensor,  is  the  mean  polarizability. 
The  symbol  < > denotes  averages 
For  hydrocarbons,  this  leads  to 


A's  “ ACC(bl  * b2)CC  “ ACH(bl  " b2)CH 


(6) 


where  (b^  - b^)^^  and  (b^  - bj)^  are  anisotropies  of  the  CC  and  CH 
bonds  and  and  A ^ are  constants  dependent  upon  molecular 

geometry.  For  tetrahedrally  bonded  hydrocarbon  (31,  A(1|)/ACC  * 2 
while  for  the  actual  bond  angles  in  polyethylene  it  is  I.H8.  Thus 

sr„  ■ VArp«  <7» 


where  AI^  is  the  anisotropy  of  the  polymethylene  group  given  by 
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AFPM  = (bl  ‘ Vcc  ' ll88  (bl  ' b2)CH  (8) 

Statistical  calculations  for  polyethylene  give  a value  of 

Acc  = 4-0  + 0-f>' 

COMPARISONS  BETWEEN  EXPERIMENTAL  AND  THEORETICAL  BIREFRINGENCE 

Experimental  measurements  of  AT^  of  polyethylene  have  been 

reported  [6-8).  It  is  found  that  values  are  higher  for  unswollen 

samples  than  for  samples  swollen  with  Decalin,  the  latter  giving 

Ar  = 4.0  A for  4>„  = 0.33  corresponding  to  a value  of  AT  = 1.0  A^. 

S L PM 

Theoretical  values  are  dependent  upon  the  choice  of  bond  polari- 
zabilities used  in  the  calculation  of  ATp^  and  are  1.47,  0.86,  and 
0.57  A^  for  the  bond  polarizabilities  Denbigh  [9],  Clement  and 
Bothere  [10],  and  LeFevre,  Orr,  and  Ritchie  [11],  respectively. 

The  latter  value,  which  was  considered  most  reasonable  for  the 
interpretation  of  light-scattering  depolarization  measurements  in 
n-paraffins  [ 1 2 J , is  somewhat  small  as  compared  with  experimental 
measurements  and  may  result  partly  from  the  fact  that  the 
concentration  of  polymer  in  the  swollen  gel  used  for  the  stress- 
optical  measurements  was  relatively  high,  and  partly  because 
Decalin  is  not  an  isotropic  solvent.  Similar  measurements  have 
been  reported  for  poly (dimethylsiloxane)  [8]  but  bond  polar izabil it v 
information  was  not  available  to  compare  with  experiment. 

A study  of  the  stress-optical  coefficients  of  cis-1 ,4-polyisoprene 
and  cis-1 ,4-polybutadiene  has  been  reported  by  Ishikawa  and  Nagai 
[13]  who  also  find  that  the  SOC  for  the  dry  rubbers  is  greater  than 
that  for  the  rubbers  swollen  with  an  isotropic  solvent.  For  cis- 

O 

PBD,  calculated  values  of  AT  range  from  5.33  to  5.58  A-*  depending 

s 

on  the  parameters  used  in  the  statistical  weight  matrices  and 
using  the  Clement  and  Botherel  polarizabilities  [10]  as  compared 
with  experimental  values  of  5.8  A^  on  swollen  samples  and  7.5  A 
for  unswollen  samples.  Considerably  smaller  values  of  3.92  and 

O 

4.09  A1  are  found  using  Denbigh's  [9]  or  LeFebre's  [11]  values 
of  bond  polarizabilities,  respectively. 
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For  cis-PIP,  calculated  values  [13]  range  from  d.lr>2  to 

O O 

0.764  as  compared  with  an  experimental  value  of  0.72  A 
calculated  from  data  of  Smith  and  Puett  [14]  on  unswollen  natural 
rubber . 

For  the  above  three  cases,  the  agreement  between  experiment  and 
theory  is  considered  satisfactory,  especially  in  view  of  the 
uncertainty  concerning  the  values  of  anisotropic  bond  polari zabi 1 it 
It  should  be  emphasized  that  the  theory  used  is  one  which  involves 
the  orientation  of  an  isolated  chain  with  no  correlation  in 
orientation  of  segments  on  differing  chains. 

A systematic  study  of  the  stress-optical  coefficients  of 
samples  of  poly(l, 4-butadienes)  of  differing  cis  content  was 
undertaken  by  Fukada,  Wilkes,  and  Stein  [15],  who  confirmed  t lie 
earlier  reports  of  Ishikawa  and  Nagai  [13|  and  Cent  [ 1 6 ] that 
the  values  are  appreciably  affected  by  the  swelling  solvent  used. 
For  example.  Fig.  1 shows  a typical  result  [15]  for  the  variation 
of  birefringence  with  stress  for  high-cis  cross-linked  1,4-poly- 
butadiene rubber  swollen  in  a variety  of  solvents. 

The  value  of  the  SOC  increases  with  the  anisotropy  of  the 
solvent  and  is  least  for  the  isotropic  solvent,  CCl^.  The  values 
with  CCl^  are  less  than  those  for  the  unswollen  polymer.  It  is 
suggested  that  adsorbed  anisotropic  solvents  are  oriented  along 
with  the  polymer  molecules  and  add  to  their  anisotropy.  Thus, 
for  the  unswollen  polymers,  the  neighboring  chains  are  adsorbed 
on  each  other  and  add  to  the  SOC.  This  effect  is  diminished  upon 
swelling  with  an  isotropic  solvent. 

Another  effect  seen  upon  swelling  is  that  both  the  stress  and 
birefringence  of  the  polymer  obey  Mooney-Rivl in-type  equations 

/3/l>2  - X_1l  “ 2C!  + 2(VX  (9> 

(An)*2/3/tx2  - X“21  = + B2/X  (10) 


where  X is  the  elongation  ratio,  <f>2  is  the  volume  fraction  of 
rubber,  and  the  constants  and  represent  deviations  from 
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Fit;.  1.  The  variation  of  birefringence  with  stress  for  high 
cis  cross-linked  1,4-polybutadiene  rubber  swollen  in  a variety 
of  solvents  (From  Ref.  15,  Fig.  15). 

ideal  beha'  ior.  It  is  found  that  both  C,  arid  B2  diminish  to 
essentially  zero  upon  swelling,  and  one  might  wonder  whether  this 
effect  suggests  chain  packing  or  order.  However,  it  has  been  found 
that  both  C.,  | lb-19 1 and  B2  [19]  are  substantially  decreased  for 
unswollen  networks  which  are  cross-linked  in  the  swollen  state. 
Figure  2 shows  a typical  birefringence  Mooney-Rivlin-tvpe  plot  [19] 
obtained  from  samples  of  c is-1 ,4-polybutadiene  cross-linked  in 
benzene  solution  at  volume  fractions  $ designated  in  the  figure, 
(v^  In  the  figure  corresponds  to  $2  In  1-9*  9 and  10).  Curves  are 
shown  for  measurements  made  on  the  subsequently  dried  polymer  a 
well  as  for  samples  then  swollen  with  CCl^  to  values  of  in  Lb. 
range  of  0.04  to  0.09.  It  is  seen  that  even  in  the  dry  state  the 
slope  of  this  plot  is  quite  small,  indicating  values  of  B2  of  the 
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FIG.  2.  Mooney-Rivlin  type  plots  for  the  birefringence-strain 
relationship  tor  solution  vulcanized  cis-1 ,4-polvbutad iene.  Samples 
were  vulcanized  in  solution  containing  a volume  fraction  of  rubber 
designated  by  $ in  the  figure.  (The  symbol  v in  the  figure 
corresponds  to  in  the  text.)  (From  Ref.  19,rFig.  2). 

-It 

order  of  0.2  X 10  . Since  it  is  not  likely  that  the  molecular 
order  in  the  dried  network  will  depend  upon  the  state  of  swelling 
at  the  time  of  cross-linking,  it  seems  that  this  reduction  is 
related  to  network  topology  differences  dependent  upon  the  state 
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of  swelling  at  the  time  of  cross-linking.  It  has  recently  been 
suggested  (201  that  differences  may  be  related  to  the  greater 
number  of  intramolecular  cross-links  occurring  when  cross-linking 
in  solution.  In  any  case  it  does  not  appear  that  the  finite 
values  of  C..t  and  B.;  are  directly  related  to  amorphous  order  for 
these  systems.  However,  the  dependence  of  Bj  upon  the  amount  and 
kind  of  swelling  solvent  does  suggest  that  its  change  may  relate 
to  amorphous  structure. 

A significant  observation  pointed  out  by  Fukuda  et  al.  [15]  is 
the  correspondence  of  the  SOC’s  obtained  both  for  cis-  and  trans- 
PBD  from  measurements  on  swollen  networks  and  those  obtained  by 
streaming  birefringence  techniques  with  dilute  solutions  [21,  221. 
Figure  3 shows  a comparison  of  some  measurements  by  Fukuda  et  al 
[15]  of  SOC's  measured  on  some  samples  of  cross-linked  PBD  samples 
of  differing  cis-1,4,  content  swollen  with  different  solvents  with 
values  obtained  by  streaming  birefringence  by  Poldubnyi  et  al.  [21] 
and  by  Phillipoff  [22].  The  theory  of  streaming  birefringence  [23] 
indicates  that  it  should  give  the  same  value  of  SOC  as  does  the 
measurement  on  the  cross-linked  network.  Since  the  streaming  bire- 
fringence measurement  is  concerned  with  molecules  in  solution  which 
are  separated  from  each  other,  it  is  not  likely  that  it  can  be 
affected  by  amorphous  ordering.  Thus  the  correspondence  of  the 
values  of  SCY's  measured  by  these  two  very  different  techniques 
suggests  that  the  model  based  upon  the  orientation  of  isolated 
chains  described  bv  Gaussian  statistics  is  appropriate  for 
moderately  swollen  networks  and  is  inconsistant  with  any  ordered 
structure.  The  question  remains  as  to  whether  there  is  any 
increase  in  ordering  in  going  from  a swollen  to  an  unswollen 
network.  It  should  be  noted  that  the  difference  between  the  values 
of  the  SOC  in  the  unswollen  and  isotropically  swollen  state  is 
relatively  small,  usually  less  than  a factor  of  2,  and  the  en- 
hancement of  the  SOC  in  the  dry  state  is  comparable  with  that 
produced  by  the  ordering  of  a solvent  such  as  toluene  in  the  swollev 
state.  Consequently,  we  feel  that  while  there  may  be  some  ordering 
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FIG.  "3.  The  variation  of  the  stress-optical  coefficient  of 
samples  of  cross-linked  1,4-polybutadiene  with  cis  contant  and  for 
a number  of  swelling,  solvents  as  compared  with  streaming  bire- 
fringence data.  (From  Ref.  15,  Fig. 21). 


in  dry  polymers,  relatively  short-range  ordering  is  sufficient  to 
account  for  the  observed  result. 

THE  EFFECT  OF  AMORPHOUS  ORDER  ON  THE  STRESS-OPI ICAI.  COEFFICIENT 

In  order  to  account  for  the  possible  effect  of  ordering  on  the 
SOC,  we  should  examine  the  assumptions  involved  in  the  derivations 
of  Fq.  (1).  It  is  based  upon  the  Lorenz-Lorent z equation  for  the 
relationship  between  the  refractive  index,  n,  and  the  polarizability 
per  unit  volume  P: 
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n2-  1 


it  P 


nz  + 2 


(11) 


which  gives  by  differentiating 
2 (n?  + 2) 2 

An  * - n (P  - P ) (12) 

9 n 

The  polarizability  difference  is  then  related  to  the  anisotropy 
of  the  segment  hv 

(P.  - P7)  = N f AT  (13) 

1 2 s s s 

where  Ng  is  the  number  of  segments  per  unit  volume  and  f^  is  the 
orientation  function  of  a segment  defined  as 

f = [ ) <■  cos2  6 > - l]/2  (14) 

s s av 

where  9^  is  the  angle  between  the  segment  axis  and  the  stretching 
direction.  f may  be  given  by  the  kinetic  rubber  elasticity 
theory  in  the  Gaussian  approximation  as 

* ^c  t -1 

f - - — [*2  - X L]  (15) 

5 N 

s 

where  N(  is  the  number  of  chains  per  unit  volume. 

Equation  (1)  results  from  combining  Eqs.  (12)  through  (15) 
with  the  kinetic  elasticity  equation  for  the  stress 

o = N kT [ 1 2 - ^-11  (16) 

c 

Ordering  in  the  amorphous  state  will  affect  the  derivation  at 
two  points:  in  the  use  of  Eq . (11)  for  the  internal  field  and  in 
the  use  of  Eq.  (15)  for  segment  orientation.  Equation  (15)  is 
obtained  in  the  Kuhn-Crun  treatment  [1)  by  calculating  the 
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distribution  function  of  segment  orientations  with  respect  to  the 

displacement  vector  R using  the  Lagrange  method  <>l  undetermined 

multipliers  subjecting  the  distribution  to  the  constraints  of  a 

fixed  number  of  segments  and  a fixed  length  oi  R.  Ibis  leads  to  a 

value  for  the  orientation  function  f of  segments  with  respect  to 

K 

R.  The  orientation  function,  f , is  then  obtained  bv  convolut ing 

s 

this  function  with  that  of  R with  respect  to  the  stretching  direc- 
tion. in  this  derivation,  the  segments  are  considered  to  have 
equal  a priori  probability  of  any  orientation,  and  no  interaction 
between  segments  on  different  chains  is  considered.  This  is 
obviously  not  so  for  an  ordered  amorphous  phase.  tn  a crystalline 
polymer,  for  example,  a group  of  q segments  on  neighboring  chains 
must  be  maintained  parallel  to  each  other.  In  this  case  the 
segment  orientation  function  will  be  q times  that  given  bv  Eq . (15). 
In  the  case  of  intermediate  order,  an  average,  q,  may  be  used  which 
represents  the  number  of  segments  surrounding  a given  segment 
whose  orientation  is  correlated  with  that  of  the  first  segment. 

Since  the  SOC  of  the  dry  polymer  was  generally  less  than  two  times 
that  of  the  swollen  polymer,  the  factor  q must  he  less  than  2 if 
it  is  attributable  to  this  cause.  This  is  smaller  by  an  order  of 
magnitude  or  two  than  what  would  be  expected  on  the  basis  of  models 
which  would  have  been  proposed  [24,  25]  for  ordered  amorphous 
polymers . 

The  theory  for  the  SOC  for  a swollen  network  of  noninteracting 
chains  [2]  requires  that  the  SOC  should  not  vary  with  degree  of 
swelling,  provided  that  AT  is  not  affected.  Tf  solvent  molecules 
are  oriented  along  with  the  polymer  segment,  the  value  of  AT  will 
be  enhanced  to  give 

AT  = Af°  + AT . (17) 

H S t 

where  AT'^  is  the  anisotropy  of  the  isolated  polymer  segment  and 
AT'?  Is  the  additional  anisotropy  resulting  from  the  orientation  of 
the  surrounding  solvent.  This  is  given  by 


136 


STEIN  AND  HONG 


Arf=  at 


. )dr 

i?  si 


AI'f  Is  the  intrinsic  anisotropy  of  the  solvent  molecule, and  N 
is  the  number  of  solvent  molecules  per  unit  volume  given  by 


where  p „ is  the  densitv  of  the  solvent,  N is  Avagardro's  number, 
* o 

and  Mf  is  the  molecular  weight  of  the  solvent.  f^fr^)  *s  t'ie 

orientation  function  of  the  solvent  molecules  at  a distance  r 

■si 

from  the  segment  with  respect  to  the  segment  axis  defined  by 


ft(rSJ)  = f3  < C°S  84%  " 11/2 


where  6 f is  the  angle  between  the  segment  axis  and  the  optic  axis 
of  the  solvent.  The  integral  is  over  all  lengths  and  orientations 
of  r . The  symbol  < > designates  averaging  at  constant  r . 


■ 4- 

S?  ' I P(°st-’  r 


.)  cos  0 sin  0 „d0 

S l si  si  si 


. , r ) sin  e „de 
sS.  si  si  si 


where  P(9^  , r^)  is  the  probability  of  orientation  at  angle  6^ 
for  a solvent  molecule  separated  from  the  segment  by  distance 
r . This  may  be  described  by  a Boltzmann  distribution 


p(0sf  rse)  = K exp|-v(6se«  rs4)/kr| 


where  V(0  , r „)  is  the  potential  fo.  interaction  between  the 

si  si 

polymer  segment  and  the  solvnet  molecule  which  depends  upon  inter- 

molecular  forces  and  decreases  rapidly  with  their  separation. 

It  is  evident  from  this  treatment  that  AT  should  increase  will 

s 

increasing  solvent  anisotropy,  AT  , and  should  be  a minimum  for 
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isotropic  solvents.  However,  it  must  be  real  izod  that 


(AT  °) . , + (Ar,°)  . . 
2 tnli  . mil 


(2  }) 


o 

where  (AT,  ) , is  the  inherent  anisotropy  of  the  isolated  solvent 

‘ inh 

molecule  and  (AT  ) is  the  induced  anisotropy  arising  from  the 
• ind 

dipole  moment  induced  in  the  solvent  by  the  dipole  moment  of  the 

segment.  This,  of  course,  depends  upon  the  solvent  polarizability. 

Consequently,  even  if  (AT.0).  , - 0 as  with  CC1 , , it  may  he  that 

? inh  4 

there  is  a finite  (AT  °).  , so  that  AT  may  not  equal  V ° as  is 

? tnd  s s 

usually  assumed. 

To  some  extent,  the  enhancement  of  AT  for  unswollen  polymers 
which  arises  from  local  order  may  be  treated  in  the  above  manner 
in  which  the  segments  of  neighboring  chains  play  the  role  of 
ordered  solvent  molecules. 


EFFECT  OF  INTERNAL  FIELD 

The  refractive  index  of  a material  is  realted  to  its  polarization 
by 

n2  - 1 = 4tt  P/E  (24) 

where  E is  the  applied  field.  P in  turn  is  given  by 


P = NuEeff  (25) 

where  N is  the  number  of  molecules/cm  having  polarizability  a, 
and  E^j.^  is  the  effective  field  acting  on  the  molecule.  This  is 
realted  to  the  applied  field  by 


eff 


E + E 


int 


(2b) 


where  E.  is  the  internal  field  arising  from  the  polarization  of 
int 

surrounding  molecules.  Lorentz  calculates  this  as  the  f i * • 1 d 
arising  from  the  polarization  charge  on  the  surface  of  a spherical 
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cavitv  of  a dielectric  which  leads  to  the  result 


n2  + 2 


vff 


(27) 


The  use  of  this  l.orentz  field  in  Eqs.  (24)  and  (25)  leads  to  the 
Eorenz-Lorent  /.  equation.  This  equation  is  satisfactory  for  gases 
or  isotropic  liquids  hut  its  application  to  an  anisotropic  crystal 
is  incorrect.  We  believe  that  its  erronious  use  in  relating  the 
polarizabilities  to  the  refractive  index  of  n-paraffin  crystals  has 

O -J 

led  to  the  very  low  value  of  T of  0.3  A (26]  as  compared  with 
the  higher  value  ..f  1.47  obtained  by  Denbigh  [9]  from  gas-phase 
light-scattering  depolarization  measurements  [27],  It  is  not 
reasonable  to  accommodate  an  elongated  polyethylene  chain  within  a 
spherical  cavitv,  and  Stein  has  proposed  [27]  an  alternate  approach 
utilizing  a cylindrical  cavity  within  which  the  internal  field 
factor  < . is  defined  by 


(E  . ) = k E 

-etf  i i— o 


(28) 


is  different  parallel  and  perpendicular  to  the  axis  of  the  cylinder 
and  depends  upon  its  axial  ratio.  It  was  shown  that  with  reasonable 
values  of  the  axial  ratio,  the  difference  between  tht  two  values 

of  AT’  ,,  ma,  be  understood. 

PM 

More  recently,  Hong  and  Stein  [28]  have  developed  a theory  for 
the  internal  field  within  a polyethylene  crystal  based  upon  a 
summation  over  the  contribution  from  dipolar  fields  of  neighboring 
molecules.  A polyethylene  chain  in  a crystal  is  replaced  by  a 
cylinder  with  differing  longitudinal  and  transverse  polarizabilities 
located  at  the  position  of  the  real  chains  in  the  unit  cell  of  the 
polyethylene  crystal.  The  induced  field  at  position  p within  a 
crystal  arising  from  a point  dipole  at  position  r removed  from 
p Is  given  by 
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F. 


3(m  . r ) 

i Ip 


ip 


r.  3 
ip 


1 39 


(29) 


The  total  internal  field  at  p is  then  given  by 


(Eint)p  = i EiP 


( 30) 


The  dipole  moment  m^is  obtained  from  the  total  field  at  i from 


m.  = | a, IE.  (31) 

i 1 i ' - i 

where  |a  | is  the  polarizability  tensor  at  i.  For  a uniaxial !v 
polarizable  element,  Eq . (31)  becomes 


m.  = 6.(E  . a ) a + ci-.F..  (32) 

i l 1 i -i  2i  i 

where  6^  is  the  anisotropy  of  polarizability  of  the  i-th  volume 
element,  (u^  - J12i^  ’ anc*  ~i  3 un^t  vector  along  the  principal 
polarizability  axis.  E is  obtained  in  turn  by  adding  to  the 
external  field,  the  internal  field  at  i of  the  molecules  surrounding 
point  i. 

This  procedure  is  carried  out  bv  summing  over  an  infinite 
crystal  using  iteration.  In  this  way,  the  ratio  of  the  dipole 
moment  to  the  externally  applied  field  may  be  determined  leading 
to  an  expression  for  the  internal  field  factor 


This  procedure  is  extended  to  a disordered  structure,  using  the 
statistical  segment  modification.  For  this  purpose  Eqs.  (29)  and 
(3)  are  replaced  by  an  integration  over  a segment  distribution 
fund  ion 
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( >4) 


where  P (r  ,a)  is  the  probability  that  a segment  will  lie  at  a 

distance  r from  p and  be  oriented  in  the  direction  a.  The  solution 
P 

of  this  equation  requires  assuming  some  form  for  the  segment 
distribution  function.  This  function  could  be  expanded  in 
spherical  harmonics  where  the  coefficients  serve  as  correlation 
functions  in  a manner  similar  to  that  used  in  the  theory  of  light 
scattering  from  systems  having  nonrandom  orientation 
correlations  ]29,  30].  The  coefficients  in  this  expansion  serve 
as  correlation  functions  which  describe  how  molecular  order 
decreases  with  increasing  molecular  separation.  These  contain 
correlation  distances  which  serve  as  measures  of  the  size  of 
ordered  regions.  In  this  manner  it  would  be  possible  to  account 
for  the  internal  field  effects. 

Let  the  reference  molecule  at  position  p be  oriented  in  the  7. 
direction  and  consider  the  effect  of  a second  molecule,  i,  located 
at  a vector  distance  r having  angular  coordinates  w and  y 
(Fig.  4)  which  is  oriented  with  its  principal  polarizability  axis 
a^  at  angles  B and  y.  For  an  applied  field  in  the  Z direction, 

Eq.  (29)  gives  for  the  components  of  internal  field  at  p 


E 


ix,p 


3 I 2 

(E/r  136^ (sin  io  cos  40  (sin  B cos  8 cos  y 
+ 3 i.  (sin2  ( i > sin  4 cos  ip ) (sin  8 cos  8 sin  y) 

+ 3 (cos2  6 - (1/3) ) 1 sin  U)  cos  0)  cos  ij/ 

- 6 sin  8 cos  6 cos  6 


(35) 


3 | 2 

E,  = (E/r  ) 36.  (sin  w sin  4 cos  4)  ( sin  8 cos  8 cos  y) 

iy.P  | 1 

2 

+ 3 6^  (sin  w sin  4)  (sin  8 cos  8 sin  y) 

2 

+ 3 + 6^(cos  8 - (1/3))]  sin  w cos  u sin  ^ 


- 6.  sin  8 cos  8 sin  y 


(36) 
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F = < cos“  B = J J P(B,  y)  cos2B  sin  R d (40) 

o o 

The  function  P((-:,  y)  expresses  the  probability  that  the  polarizability 
axis  a of  the  i-th  bond  will  be  oriented  at  angles  B and  y with 
respect  to  the  first  bond.  We  shall  assume  that  this  is  cylindrical lv 
symmetrical  and  independent  of  y so  that  = ^2  = 
average  field  strengths  will  be  given  by 


)F 


'i,xp  r 3 i 


. + (2/3)  6.F..]  sin  w cos  w cos  (41) 


i ij 


IF. 

E.  = — (a.  + (2/3)6. F..]  sin  w cos  w sin  4;  (42) 

i,yp  3 i i ij 


and 


E,  = — « [a  + (2/3)6  F . I (3  cos  u -II 

-i.zp  3 i i ij 


(43) 


wiiere 


F . . = [3  cos  B > - 1 ] / 2 
il 


(44) 


The  function  F^ . characterizes  the  correlation 
two  molecules  separated  by  vector  distance  r 
increasing  magnitude  of  r. 

The  total  average  field  at  point  p is  then 
over  all  contributions  from  bonds  i to  give 


of  orientation  of 
and  diminishes  with 

found  by  summing 


E 

P 


ip 


F.  i + E j 
-xp  ~yp 


E k 
-zp 


(45) 


If  we  further  assume  that  there  is  cylindrical  symmetry  of  bond 

distribution  in  , then  F.  * E ■ 0 so 

-xp  -yp 
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E = E k 
P zP' 


where 


E = ' (E/r1)  I [3.  + (2/3) 6 F ] [3  cos2.j  - 

zp  i i i i 1 


A similar  treatment  for  the  case  where  the  applied  field  is  along 


the  X (or  the  Y)  axis  leads  to 


E = E i 
p xp 


E/r  ) [iij  - (1/3)  6^F.^  ] [ 3 sin~to  cos  ip  - 1 


The  evaluation  of  the  internal  field  then  requires  the 
assumption  of  some  form  for  F ^ . . Rather  than  assuming  an  empirical 
function  to  represent  correlation  in  a partially  ordered  amorphous 
structure  such  as  that  portrayed  in  Fig.  5,  we  shall  idealize  it 
as  a two-phase  model  shown  in  Fig.  6 consisting  of  1)  cylindrical 
domains  within  which  there  is  crystal-like  order  where  F..  = 1 

ij 

surrounded  by  2)  a random  phase  where  there  is  complete  disorder 
where  F^  = 0.  Consequently  F.q . (48)  becomes 


E = E 
zp 


[ (1/r3)  (3  cos2  o)  - 1)  o 


( 1 / r ) 


(3  cos  to  - 1)  a] 


(E  ) . + (F.  ) .. 

zp  ord  ~zp  dis 


while  F.q.  (49)  gives 
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FIG.  5.  The  partially  ordered  amorphous  phase  In  which  closely 
spaced  chains  tend  to  lie  parallel  to  each  other. 


» 
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FIG.  6.  The  idealized  two-phase  model  consisting  of  cylindrical 
ordered  regions  imbedded  in  a disordered  matrix. 


(E  ) . = E l 

zp  ord 


(2/e  C 2)  (sin3  u>.  = sin  w.)  hi 
zi  i i 1 


K ' Ea  | | 
z - 


and 


(E  ) 


-xp  ord 


E E 


(2  x .C.^)(3  sin  id.  - sin3  io. ) 
i xi  i i i 


- 2 sin  ii>./r  C.” 


(54) 
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where  e is  the  dielectric  constant  (assumed  constant  as  e and 

z 

e ) and  C,  is  defined  as 
x i 


C 

i 


. 2 1/2 

+ yi  } 


(56) 


where  x,  and  y.  are  the  coordinates  of  the  i-th  molecule  and  K 
, i i z 

and  are  the  internal  field  factors.  In  Eqs.  (54)  and  (55), 
the  angle  aij  is  defined  as  tan  = H/C^  according  to  our  previous 
treatment,  where  2H  is  the  height  of  the  cylindrical  cavity.  The 
summation  was  carried  out  over  the  volume  of  the  cylindrical  cavity 
of  height  2H  and  radius  R. 

The  interal  field  from  the  disordered  phase  is  evaluated 
utilizing  the  previously  published  calculation  of  the  internal 
field  within  a cylindrical  cavity  [27]  giving 


(E  ) - n2  - 1)  [1  - f/(l  + f2)1/2]  E 

zp  dis  ~o 

= K"  E 
z • o 


(57) 


and 


(E  ) = [ (n2-l) /2  ] [f/(l  + fV/2]  E 

xp  dis  o 

= K"  E (58) 

x -o 

where 

f = H/R  (59) 

is  the  axial  ratio  of  the  cavity,  n is  the  average  refractive 
index  of  the  polymer. 

The  total  internal  field  at  p is  then 
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and 


E 

xp 


K 

z 


ot  I E _ _ + 

ef  f ,x 


II 


E 

o 


(6!) 


The  dielectric  constants  must  be  introduced  into  the  second  terms 
to  account  for  the  modification  of  the  polarization  field  of  the 
disordered  amorphous  phase  by  the  medium  within  the  cavity.  Since 
the  effective  field  is  the  sum  of  the  applied  field  and  internal 
field,  it  must  be  evaluated  by  an  iteration  process  leading  to 


"ef f , z 


k Cxi 
z 


1 + 


(42) 


= K E 
z o 


and 


Eeff,  x 


(63) 


The  effective  anisotropy  may  then  be  calculated  from 


A = K a | I - K 
z I I 

This  calculated  anisotropy  will  include  the  total  contribution  of 
all  the  molecules  within  the  ordered  region  which  are  subjected  to 
the  internal  field  which  is  modified  by  the  ordering.  Thus  the 
increase  in  anisotropy  from  ordering  obtained  in  tit  is  way  is  a 
consequence  of  both  enhancement  of  anisotropy  arising  from  the 
association  of  molecules  within  the  aggregates  as  well  as  the 
effects  arising  from  the  influence  of  ordering  upon  the  internal 
field. 

The  anlsotorpy  has  been  calculated  taking  the  dimensions  of  the 
ordered  region  as  an  adjustable  parameter.  We  have  modified  the 
preceding  procedure  in  what  we  have  allowed  for  some  disorder  in 


“I 
x 1 


148 


STEIN  AND  HONG 


the  ordered  region,  taking  it  as  a paracrystal  in  which  the  chains 
are  parallel  to  each  other  but  where  they  may  deviate  from  their 
Ideal  lattice  points  in  a direction  perpendicular  to  the  chain 
(cylinder)  axis.  Two  cases  were  considered:  one  where  the 

fluctuation  in  the  x and  y directions  (parallel  to  the  a and  b 

O 

crystal  axes  of  the  polyethylene  unit  cell)  was  + 1 and  + 0.5  A, 
respectively,  and  a second  where  the  fluctuations  are  assymetric 

O 

and  are  between  -1  and  +2  A in  the  a-axis  direction  and  -0.75  to 

O 

+1.25  A in  the  b-axis  direction.  The  paracrystal line  lattices 
possessing  such  fluctuations  were  generated  using  a random  number 
routine  with  a computer,  assuming  that  all  values  of  lattice 
parameters  within  the  prescribed  limits  may  occur  with  equal 
probability.  Polarizabilities  were  calculated  for  the  parameters 

O O 

of  the  polyethylene  unit  cell  where  a = 7.40  A,  b = 4.93  A,  and 

O 

c = 2.534  A.  The  values  of  bond  polarizabilities  for  the  bonds 
within  a crystal  corrected  for  the  internal  field  effect,  which 
were  proposed  in  our  earlier  publication  were  employed.  The 
dielectric  constant  was  assumed  to  be  equal  to  the  macroscopic 
dielectric  constant  of  the  crystal  along  each  of  the  three  crystal 
axes . 

In  this  way  the  curves  of  Fig.  7 were  obtained  which  show  the 
variation  of  the  effective  anisotropy  of  the  statistical  segment 
defined  by  Kq . (64)  as  a function  of  the  diameter  of  the  cylindrical 
ordered  region  for  various  values  of  its  axial  ratio.  As  expected, 
the  anisotropy  increases  with  the  size  of  the  ordered  region  and 
does  so  more  rapidly  as  the  axial  ratio  of  the  ordered  region 
becomes  greater.  The  increase  is  more  pronounced  for  a more 
disordered  lattice. 

The  values  are  compared  with  the  range  of  values  calculated 
from  experimental  stress-optical  coefficients.  In  making  such  a 
comparison,  one  must  consider  that  the  value  of  AT  obtained  from 
the  stress-optical  coefficient  using  Eq.  (1)  involves  the  assumpt'  n 
of  the  Lorentz  field  of  Eq.  (27)  and  is  therefore  not  strictly 
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10 

DIAMETER  (X) 


FIG.  7.  The  variation  of  the  effective  anisotropy  of  the 
statistical  segment  of  polyethylene  with  the  diameter  of  the 
cylindrical  ordered  region  for  several  values  of  its  axial  ratio. 
Calculations  were  carried  out  for  paracrystalline  structure  of  the 
ordered  region  asguming  (a)  Aa  = + 1 A and  Ab  - + 0.5  A (dashed 
line)  and  (b)  -1  A > Aa  > 2 A and  - 0.75  X > Ab  1.25  A (solid 
line).  Values  are  compared  with  the  range  of  calculated 
experimental  values  of  A 


comparable  with  that  given  by  Eq . (64).  Thus  one  whould  actually 
compare  the  quantity 


A 

exp 


(n2  + 2) 2 


(AT  ) 
s exp 


(65) 


which  is  the  product  of  the  experimental  segment  anisotropy  and  the 
internal  field  correction  factor  with  F.q.  (64)  rather  than  AT 

s 
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Itself.  The  ratine  of  experimental  values 
way  Is  indicated  in  Fig.  7. 

it  is  noted  that  for  reasonable  values 
diameter  of  the  ordered  region  would  have 
in  order  that  t he  theoretically  predicted 
range  of  those  obtained  experimentally. 


of  A obtained  in  this 
exp 

of  axial  ratios,  the 

O 

to  be  less  than  10  A 
values  of  A lie  within  th 


CONCLUSIONS 


It  is  evident  that  experimental  values  of  T obtained  from  SOC 
measurements  are  not  consi  tent  with  long-range  ordering  in  the 
amorphous  phase.  Consideration  of  the  effects  of  mutual 
orientation  of  amorphous  segments  and  internal  field  effects  are 
consistent  with  an  orienting  region  in  the  dry  polymer  containing 
a small  number  of  amorphous  segments  and  having  dimensions  in  the 

O 

range  of  5 to  10  A.  These  dimensions  are  comparable  with  the 
range  ot  ordering  found  for  low  molecular  weight  liquids  and  are 
much  smaller  than  the  dimensions  of  ordered  regions  postulated 
in  some  recent  discussions  [24,  25]. 
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